We consider nonlinear interactions between two relativistically strong laser beams and a quantum plasma composed of degenerate electron fluids and immobile ions. The collective behavior of degenerate electrons is modeled by quantum hydrodynamic equations composed of the electron continuity, quantum electron momentum (QEM) equation, as well as the Poisson and Maxwell equations. The QEM equation accounts the quantum statistical electron pressure, the quantum electron recoil due to electron tunneling through the quantum Bohm potential, electron-exchange, and electron-correlation effects caused by electron spin, and relativistic ponderomotive forces (RPFs) of two circularly polarized electromagnetic (CPEM) beams. The dynamics of the latter are governed by nonlinear wave equations that include nonlinear currents arising from the relativistic electron mass increase in the CPEM wave fields, as well as from the beating of the electron quiver velocity and electron density variations reinforced by the RPFs of the two CPEM waves. Furthermore, nonlinear electron density variations associated with the driven (by the RPFs) quantum electron plasma oscillations obey a coupled nonlinear Schr€ odinger and Poisson equations. The nonlinearly coupled equations for our purposes are then used to obtain a general dispersion relation (GDR) for studying the parametric instabilities and the localization of CPEM wave packets in a quantum plasma. Numerical analyses of the GDR reveal that the growth rate of a fastest growing parametrically unstable mode is in agreement with the result that has been deduced from numerical simulations of the governing nonlinear equations. Explicit numerical results for two-dimensional (2D) localized CPEM wave packets at nanoscales are also presented. Possible applications of our investigation to intense laser-solid density compressed plasma experiments are highlighted. V C 2013 American Institute of Physics. [http://dx.
I. INTRODUCTION
The rapid development of laser technology, especially chirped pulse amplification (CPA), has provided excellent opportunities to construct table-top laser sources of femtosecond pulses with intensities up to 10 22 W=cm 2 , 1 and the next generation of powerful laser pulses that may reach intensities up to 10 26 W=cm 2 . 2 Such high power laser pulses will open a new window for carrying out research dealing with nonlinear interactions between intense laser beams and plasmas in the relativistic 3, 4 and quantum regimes. 5 For hot plasmas (with the average plasma temperature T p exceeding several tens of electron Volts) with extremely high plasma number densities (say, in the range 10 23 À10 28 cm À3 ), the quantum mechanical effects ought to be considered, since the de Broglie thermal wave length k B of degenerate electrons and positrons could be comparable to the inter-electron/positron distance in a dense plasma; 6, 7 typically, k B is much smaller than the Landau length e 2 =k B T p , where e is the magnitude of the electron charge and k B is the Boltzmann constant. Accordingly, there have been a number of recent investigations [5] [6] [7] that focused on nonlinear interactions between intense laser pulses and a dense quantum plasma that are relevant for the next-generation intense lasersolid density plasma experiments, 8 for quantum x-ray freeelectron lasers (FELs), 9, 10 for inertial confinement fusion (ICF) schemes, 11, 12 and for localized x-ray pulses emanating from compact astrophysical objects. 13 While investigating collective interactions in quantum plasmas, it is often convenient to use the quantum hydrodynamic (QHD) equations (or the Madelung equations for the quantum electron fluid) that is composed of the electron continuity, non-relativistic momentum equation for degenerate electron fluids, and Poisson's equation. The non-relativistic electron momentum equation (NREME) includes linear and nonlinear electron inertia, the electrostatic and Lorentz forces, as well as the quantum forces 14, 15 arising from the quantum statistical pressure, 16 electron-exchange and electron correlation effects, 17 and the quantum recoil effect. 18 The latter reflects electron tunneling through the quantum Bohm potential and causes dispersion of electron wave functions at atomic scales. From the NREME, one can also derive a nonlinear Schr€ odinger equation (NLSEs) by invoking an eikonal representation that separates the amplitude and phases of electron wave functions. Quantum magnetohydrodynamic (QMHD) equations 19 including electron spin-1/2 effect have been obtained from Pauli's equation, and used to investigate the spin-induced ponderomotive force. 20 Besides the above mentioned nonrelativistic hydrodynamic models, a relativistic quantum hydrodynamic equation has also been derived by using the Wigner distribution, where the quantum Bohm potential has been modified by the relativistic gamma factor. 21 In fact, the Dirac and Maxwell equations can be used to investigate the nonlinear propagation of intense laser pulses in quantum plasmas with electron spin effects. 22, 23 It is well known that nonlinear effects associated with the relativistic circularly polarized electromagnetic (CPEM) ponderomotive force and the relativistic electron mass increase in the CPEM wave fields produce stimulated scattering instabilities, two-plasmon decay instability, [24] [25] [26] [27] [28] as well as modulational and filamentational instabilities. In their classical Paper, Shukla and Eliasson 5 presented an investigation of nonlinear couplings between intense CPEM waves and quantum electron plasma oscillations (QEPOs) in a dense plasma. They accounted for relativistic electron mass increase in the CPEM fields and the RPF driven electron density variations and reported the parametric instabilities and trapping of a single CPEM wave into an electron hole at nanoscales in one-space dimension. Thus, two coupled nonlinear Schr€ odinger equations for the EM vector potential and the ES scalar potential were coupled with Poisson's equation to describe the behavior of nonlinearly coupled CPEM waves and QEPOs. It turns out that due to the quantum recoil effect in the dynamics of QEPOs, the electron number density remained non-zero in the RPF created density cavity, which is in sharp contrast to the classical plasma case, 29 where there could be a complete depletion of the electron number density. 29 Eliasson and Shukla 28 have investigated relativistic laser-plasma interactions in the quantum regime by using the Klein-Gordon equation to model the dynamics of relativistic electrons, where the main results of quasi-steady-state propagation are the same as that in Ref. 5 . Furthermore, Eliasson and Shukla 9 also used the same mathematical model for relativistic X-ray free-electron lasers in the quantum regime, which can be used to explore matter at atomic and single molecule levels. 30 A two-stream instability and the quantum relativistic Buneman instabilities have also been investigated by using the Klein-Gordon-Maxwell system of equations. 31 Recently, stimulated Raman and Brillouin backscattering instabilities of coherent CPEM waves carrying orbital angular momentum have been investigated by considering quantum electron statistical pressure, electronexchange, and electron-correlation effects, the quantum recoil effect in the dynamics of degenerate electrons that are participating in the driven QEPOs in a quantum plasma without and with strongly coupled ions. 15 In this paper, we present an investigation of the parametric instabilities of two nonlinearly coupled intense laser beams in an unmagnetized quantum plasma. Nonlinear interactions between two laser beams in classical plasmas were investigated for realizing a plasma-based beat-wave accelerator scheme. 32 Here, large amplitude electron plasma waves can be nonlinearly excited by colliding two counter-propagating laser pulses. 33 Two counter-propagating intense laser pulses with tilted amplitude fronts can excite a standing plasma wave for accelerating electrons with energies reaching several GeV. 34 For two nonlinearly coupled laser beams in classic plasmas, 35 the dispersion relations for stimulated Raman and stimulated Brillouin scattering instabilities show rather weak interactions between the two-laser beams. New classes of the parametric instabilities were found in two-temperature electron plasmas. 36 Since the investigation of two nonlinearly coupled relativistically intense laser beams in quantum plasmas has important applications in the next-generation intense laser-solid density plasma interaction experiments, in X-ray free electron laser schemes, in laser-based inertial confinement fusion schemes, in high-energy charged particle acceleration schemes, as well as in astrophysical and cosmological environments, we shall use a useful model developed in Ref. 5 for studying the relativistic quantum modulational and stimulated scattering instabilities of two nonlinearly coupled CPEM waves and QEPOs and their nonlinear dynamics. In the dynamics of relativistic ponderomotive forces (RPF) driven QEPOs, we shall account for fully nonlinear quantum statistical pressure, the quantum electron recoil effect, as well as electron-exchange and electron correlation effects 37 and spin effects. 38 Thus, our previous investigation has been significantly enlarged to account for nonlinear interactions between intense two co-propagating intense laser beams and nonlinear QEPOs that will play a significant role in the nonlinear nanophysics of the next generation high density compressed plasmas produced by multiple intense laser beams for achieving ICF.
II. GOVERNING NONLINEAR EQUATIONS
Let us consider the nonlinear propagation of two nonlinearly coupled relativistically intense high-frequency CPEM pulses interacting with QEPOs in an unmagnetized quantum plasma with degenerate electron fluids and immobile ions. Accordingly, nonlinear phenomena would occur on time scales of the electron plasma period and uniformly distributed ions would not have time to respond to CPEM waves and QEPOs. Within the framework of a slowly varying envelope approximation, the two nonlinearly coupled intense CPEM waves can be described by two-coupled nonlinear Schr€ odinger equations 5
where the vector potentials of the CPEM waves are
Here, we have ignored the cross-coupling term A 1 Á A 2 , which has been considered in the context of the beat wave electron acceleration scheme, 32 and also in the ionospheric heating experiments. 36 Furthermore,
Wang, Shukla, and Eliasson Phys. Plasmas 20, 013103 (2013) x 0j is the CPEM waves frequency, k 0j is the wave number, x pe ¼ ð4pn 0 e 2 =mÞ 1=2 is the electron plasma frequency, e is the magnitude of the electron charge, n 0 is the equilibrium electron number density, m is the electron rest mass, and c is the speed of light in vacuum. In the derivation of the coupled NLSEs, we used x 2 0j ¼ k 2 0j c 2 þ x 2 pe . In Eqs. (1) and (2), the time and space variables are in units of the inverse plasma frequency x À1 pe and the electron inertial length k e ¼ c=x pe , respectively. The vector potential A j is normalized by mc 2 =e. The quantity jwj 2 is electron number density. The electron wave function w is also normalized by n 1=2 0 , and given by
where the scalar potential / is normalized by mc 2 =e. The non-dimensional quantum parameter H ¼ hx pe =mc 2 determines the relative importance of the quantum electron recoil effect. The second term in the left hand side of Eq. (3) is associated with the quantum Bohm potential. The relativistic ponderomotive potential 1 À c comes from the cross-coupling between electron quiver velocity and the magnetic field of the CPEM waves. 13, 25 The term C F jwj 4=D w stands for the quantum statistic pressure coming from the Fermi electron pressure
The last term C s / xc w is electron-exchange and electroncorrelation potentials due to electron spin, where the coefficient C s ¼ 0:985 e 2 =r 0 mc 2 and r 0 ¼ n À1=3 0 is the Wigner-Seitz radius. Hence, the normalized potential is / xc ¼ jwj 2=3 þ 0:034a À1 B lnð1 þ 18:376a B jwj 2=3 Þ and a B ¼ h 2 =me 2 r 0 is the normalized Bohr radius by the Wigner-Seitz radius. 15, 17, 38, 39 We stress that Eq. (3) for QEPOs includes the combined effects of the quantum electron wave function dispersion, the quantum statistical electron pressure, electron-exchange, and electron-correlation effects due to electron spin, and the relativistic ponderomotive forces of two intense laser pulses that are colliding in our quantum plasma. Equations (1)-(3) are closed by Poisson's equation
Equations (1)-(4) reveal that nonlinear couplings between two intense CPEM waves and QEPOs emerged due to the nonlinear current density jwj 2 A j =c. The coupled Eqs.
(1)-(4) can self-consistently describe two relativistically intense laser beams nonlinearly propagating in a quantum plasma, which can be used to investigate stimulated Raman scattering and modulational instabilities of two laser beams, as well as their nonlinear dynamics at nanoscales.
III. THE INSTABILITY AND DYNAMICS OF TWO LASER BEAMS
Here, we consider the parametric instabilities and the dynamics of two nonlinearly interacting intense CPEM waves in a quantum plasma. We first linearize our system of Eqs. (1)-(4) by introducing A j ðr; tÞ ¼ ½A 0j þ A 1j ðr; tÞexp ðÀia j tÞðj ¼ 1; 2Þ; wðr;tÞ ¼ ½1 þ w 1 ðr;tÞexpðÀibtÞ, and /ðr;tÞ ¼ / 1 ðr; tÞ, where A 0j are the large amplitude CPEM pump waves and A 1j are the small amplitude fluctuations of the CPEM waves. The frequency shifts can be determined by the equilibrium of Eqs. (1)-(4). The nonlinear frequency shift turns out to be a j ¼ ðc À1 0 À 1Þ=2X 0j ðj ¼ 1; 2Þ, and b ¼ ðc 0 À 1Þ=H with c 0 ¼ ð1 þ jA 01 j 2 þ jA 02 j 2 Þ 1=2 . For first order quantities, we now introduce the Fourier representations as A 1j ¼Â jþ expðiK Á r À iXtÞ þÂ jÀ expðÀiK Á r þ iXtÞðj ¼ 1; 2Þ; w 1 ¼ŵ þ expðiK Á r À iXtÞ þŵ À expðÀiK Á r þ iXtÞ, and / 1 ¼/expðiK Á r À iXtÞ þ/ Ã expðÀiK Á r þ iXtÞ, where X and K are the frequency and wave number of the QEPOs, respectively. Inserting these Fourier representations into the linearized equations (1)-(4), and then separating different Fourier modes and eliminating the Fourier coefficients, we obtain the nonlinear dispersion relation (NLDR)
and the QEPOs are represented by
Here, the quantity C 2 xc ¼ 0:985½1 þ 0:62=ð1 þ 18:376 a B Þe 2 = r 0 m. We note that the dispersion of the QEPOs D L ¼ 0 is identical to that obtained by NLSE-Poisson system in a quantum plasma with degenerate electron fluids. 40 The quantum dispersion effects associated with the QEPO have recently been observed experimentally in a compressed plasma. 41 Equation (5) covers both stimulated Raman scattering and modulational instabilities of two intense CPEM waves against QEPOs. If one of the amplitudes jA j jðj ¼ 1; 2Þ is zero, then we can recover the nonlinear dispersion relation for a single laser beam propagating in a quantum plasma. 5 In the following, we present results of the numerical analysis of Eq. (5) by assuming that the frequency has a complex value, of which the imaginary part represents the growth rate of instability. Without loss of generality, we choose K ¼ K yŷ þ K zẑ and K 2 ¼ K 2 z þ K 2 y . We also use the dispersion relation x 2 0j ¼ k 2 0j c 2 þ x 2 pe that we used in the derivation of Eqs. (1) and (2) . Instability essentially obeys the conservation of energy and momentum X j ¼ X s þ X and k j ¼ k s þ K, where X j and k j are the frequency and wave numbers of the pump waves, X s and k s are the frequency and wave numbers for the scattered and frequency downshifted electromagnetic daughter wave, X and K are the frequency and wave numbers of the QEPOs. We thus have the matching condition ð1 þ k 2
, which relates the components K y and K z of the QEPOs to each other and gives rise to approximately circular regions, which can be seen in Fig. 1 .
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Wang, Shukla, and Eliasson Phys. Plasmas 20, 013103 (2013) Now let us evaluate the quantum parameters H ¼ hx pe = mc 2 ; V F =c, and C xc =c by using the typical dense plasma system. For intense laser solid density plasma interaction experiments, and for the next generation of laser-based plasma compression (LBPC) experiment, the electron number density n 0 can reach 10 23 cm À3 $ 10 28 cm À3 . 5, 13, 42 Henceforth, the quantum parameters H may be in the range 2:29 Â 10 À5 $ 0:007, while V F =c is in the range 0:005 $ 0:25 and C xc =c is in the range 0:004 $ 0:02.
We have solved the nonlinear dispersion relation (5) and presented the numerical results in Figs. 1 and 2 
. The nonlinear couplings between two laser beams with QEPOs give
Raman scattering instability, of which the growth rate is given in Fig. 1 . We assume that the two laser beams propagate in the y and z directions and have the wave numbers ðk jy ; k jz Þ ¼ ð1 À 1=X 2 0j Þ 1=2 ðcos h j ; sin h j Þðj ¼ 1; 2Þ with ðh 1 ; h 2 Þ ¼ ðp=4; p=4Þ; ðp=4; p=2Þ, and ðp=4; 3p=4Þ for the left, middle, and right column of the panels, respectively. For all cases in Fig. 1 , we used jA 01 j ¼ 1; jA 02 j ¼ 2 and X 01 ¼ 2; X 02 ¼ 3. One can use the dispersion relation
pe to determine the wave numbers of the two laser beams. In order to illustrate the effects of the quantum dispersion, the quantum statistical pressure, electro-exchange, and electron-correlation potentials on the Raman scattering growth rate, we used the parameters, H ¼ 0.001, V F =c ¼ 0:069, and C xc =c ¼ 0:013 in the upper row of the panels and considered the quantum dispersion effect with H ¼ 0.007 both in the middle and lower rows of the panels. But we took V F =c ¼ 0:257; C xc =c ¼ 0:025 for middle row and V F =c ¼ 0; C xc =c ¼ 0 for lower row of the panels in Fig. 1 . We observe that the dispersion relation shows a rather strong interaction between the two laser beams and the growth rate is larger for H ¼ 0.001 than that for H ¼ 0.007. The propagation of the scattered wave is almost identical to the laser beam with the vector potential A 2 . For stronger quantum effects, we observe a new class of the parametric instability that is, however, weaker than that of a weaker quantum effect. From the left, middle, and right column of the panels in Fig. 1, one can confirm that the interaction between two laser beams is strongest and the corresponding growth rate is the largest when the two laser beams propagate along the same direction. To consider the effects of the quantum statistic pressure and electron-exchange, and electron-correlation potential on the growth rate, we let V F =c ¼ 0; C xc =c ¼ 0 in the lowest row, which shows that the presence of the quantum statistical and electron-exchange and electron-correlation potential will decrease the growth rate moderately. In fact, in Fig. 2 , we see that the quantum statistical effect and electron-exchange and electron-correlation potential effects will have great influence on the modulational instability that dominates as the pump frequencies are smaller than twice the plasma frequencies, which can be illustrated by the dispersion relations of the QEPOs, D L ¼ 0. The dispersion relation gives two distinct dispersion effects. One is the long wavelength regime with H 2 K 2 ( ð8=3ÞðV 2 F =c 2 þ C 2 xc =c 2 Þ and the other is the short wavelength regime with H 2 K 2 ) ð8=3ÞðV 2 F =c 2 þ C 2 xc =c 2 Þ. 7 Then two regimes are separated by the normalized critical wave number
The modulational instability occurs for small wave numbers and the quantum statistics effect will dominates in the long wavelength regime. In Fig. 2 , we used jA 01 j ¼ 1; jA 02 j ¼ 2 and X 01 ¼ X 02 ¼ 1:2 for all cases. For investigating the quantum effects on the modulational instability growth rate, we used the parameters H ¼ 2:3 Â 10 À5 ; V F =c ¼ 0:005, and C xc =c ¼ 0:003 as n 0 ¼ 10 23 cm À3 in the upper row of panels and considered the parameters H ¼ 0.007 with n 0 ¼ 10 28 cm À3 both in middle and in lower rows of the panels in Fig. 2 . In Fig. 1 .
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Wang, Shukla, and Eliasson Phys. Plasmas 20, 013103 (2013) the middle row of the panels, the quantum statistical parameter is V F =c ¼ 0:257 and the electron-exchange and electroncorrelation potentials which yield C xc =c ¼ 0:025, and in the lower row of panels the quantum statistical and electronexchange and electron-correlation potentials are absent. We also assume the two laser beams propagate in the y and z directions and have the wave numbers ðk jy ; k jz Þ ¼ ð1 À 1=X 2 0j Þ 1=2 ðcos h j ; sin h j Þðj ¼ 1; 2Þ with the same angle ðh 1 ; h 2 Þ as those in Fig. 1 for left, middle, and right column of panels, respectively. One can conclude that the modulational instability growth rate will decrease with the quantum effect increasing when one consider quantum statistical pressure. However, the growth rate will increase with the quantum effect when the quantum statistical effect is absent. The fastest growing waves propagate almost along the laser beam two.
In order to investigate the nonlinear dynamics of the two-laser beams interaction in our quantum plasma, we have carried out numerical simulations of the reduced system of Eqs. (1)-(4) in two-space dimension. In Fig. 3 , we display the numerical results for stimulated Raman scattering, where we have used as an initial condition that the amplitudes of the two laser beams are jA 01 j ¼ 1; jA 02 j ¼ 2, and the corresponding frequency are X 01 ¼ 2; X 02 ¼ 3, respectively. As one can see, the scattering instability illustrated in Fig. 1 , the corresponding growth rate is the largest when the two laser beams propagate along the same direction. The background plasma density is slightly perturbed with a low-level noise (random numbers). We consider the two pump laser beams propagating along the same direction. Our results show that the growing waves propagate along the same direction as the pump laser beam two with larger frequency and larger amplitude, which agree with the fastest growing wave in Fig. 1 . During the initial exponential growth phase at t ¼ 20, the two laser beams are strongly coupled with each other. The potential / also reach maxima when the two laser beams simultaneously reach maxima. At time t ¼ 50, the two laser beams do not have same locations in space, as nonlinear saturation occurs. In Fig. 4 , we present the modulational instability dynamics by considering the frequency of the pump waves smaller than twice the plasma frequency. The pump waves are propagating in the z direction in an initially homogeneous plasma with a low-level noise. We only consider the instability giving rise to perturbations in the (x, y) plane. Our numerical results show that the self-focusing and collapse of wave packets occur at different times. In the lower row of panels in Fig. 4 , the CPEM wave packets are trapped in a quantum electron hole when the nonlinear saturation of the modulational instability occur. Here, we used jA 01 j ¼ 1; jA 02 j ¼ 2, and X 01 ¼ X 02 ¼ 1:2. The results show that the quantum dispersion effects can greatly influence the Raman instability and have small impact on the modulational instability, which was due to the fact that modulational instability takes place at small wave number. 28 Furthermore, the quantum statistical effect and electronexchange and electron-correlation potentials have great influence on the modulational instability of the two laser beams.
IV. SUMMARY AND CONCLUSIONS
In this paper, we have investigated parametric instabilities and the dynamics of two nonlinearly coupled intense laser beams in a quantum plasma. For our purposes, we have obtained three coupled nonlinear Schr€ odinger equations and Poisson's equation for CPEM waves that are interacting with nonlinear QEPOs. The coupling between the CPEM wave fields and nonlinear QEPOs comes through the nonlinear current jwj 2 A j =c in the Maxwell equations. The dynamical equations for the driven (by relativistic ponderomotive forces of two intense CPEM waves) QEPOs include the new physics of the quantum statistical electron pressure, the quantum electron recoil effect, as well as electron-exchange 
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Wang, Shukla, and Eliasson Phys. Plasmas 20, 013103 (2013) and electron-correlation effects caused by degenerate electron spin. We have carried out the Fourier analysis of our nonlinearly coupled wave equations to obtain the general nonlinear dispersion relation that predict stimulated Raman scattering and modulational instabilities of two co-propagating intense CPEM waves in a quantum plasma. We numerically analyzed the growth rate and the fastest growing mode of stimulated Raman scattering instability and found maximum values when the two pump CPEM waves propagate along the same direction. Both quantum dispersion and quantum statistical pressure effects lead to a decrease of the Raman instability growth rate. The quantum statistical pressure has larger influence on the modulational instability than on stimulated Raman instability, which is due to the fact that the quantum statistical pressure will dominate in the long wavelength regime as the modulational instability occurs at small wave numbers. The numerical results of the dynamics of two laser beams for the pump frequency X 0j < 2 confirm that when the nonlinear saturation of the modulational instability occurs, localized CPEM wave packets are trapped in a quantum electron hole that is supported by the quantum forces of degenerate electrons and relativistic ponderomotive forces of two intense CPEM waves in a quantum plasma at nanoscales. The results of our investigation should be useful in understanding nonlinear instability and the dynamics of two nonlinearly coupled intense CPEM waves in the next-generation of compressed plasmas which surpass solid densities.
